arXiv:math/0503272vl [math.QA] 14 Mar 2005 


February 1, 2008 


Twisted modules for vertex algebras associated with 

vertex algebroids 

Haisheng Li^ 

Department of Mathematical Sciences, Rutgers University, Camden, NJ 08102 

and 

Department of Mathematics, Harbin Normal University, Harbin, China 

Gaywalee Yamskulna 

Department of Mathematics, Illinois State University, Normal, IL 61790 

and 

Institute of Science, Walailak University, Nakhon Si Thammarat, Thailand 

Abstract 

We continue with m to construct and classify graded simple twisted mod¬ 
ules for the N-graded vertex algebras constructed by Gorbounov, Malikov and 
Schechtman from vertex algebroids. Meanwhile we determine the full automor¬ 
phism groups of those N-graded vertex algebras in terms of the automorphism 
groups of the corresponding vertex algebroids. 


1 Introduction 

For most of the important examples of vertex operator algebras V = Unez ^(n) 
graded by the L(0)-weight (see [FLM, FHL]), the Z-grading satisfies the condition 
that V(^n) = 0 for n < 0 and V(o) = Cl where 1 is the vacuum vector. For a vertex 
operator algebra V with this special property, the homogeneous subspace V(i) has a 
natural Lie algebra structure with [u, v] = uqv for u,v € V(i) and the product uiv 
(G h(o)) defines a symmetric invariant bilinear form on U(i). 

In a series of study on Gerbs of chiral differential operators in [CMS] and on 
chiral de Rham complex in [MSV, MS 1,2], Malikov and his coauthors investigated 
N-graded vertex algebras V = U(n) with I/(o) necessarily 1-dimensional. In 

this case, the bilinear operations {u,v) i —UiV for i > 0 are closed on V(o) ® ^(i)- 

UiV G V(o) © 17(1) for u,v e V(o) © V(i), i > 0. 

The skew symmetry and the Jacobi identity for the vertex algebra V give rise to sev¬ 
eral compatibility relations. Such algebraic structures on V(o) © U(i) are summarized 
in the notion of what was called a 1-truncated conformal algebra. Furthermore, the 
subspace V(o) equipped with the product (a, 6) o_i6 is a commutative associative 
algebra with the vacuum vector 1 as the identity and V(o) as a nonassociative algebra 
acts on V(i) by a-u = a-iu for a G V(o), u G V(i). All these structures on U(o)©F(i) are 
further summarized in the notion of what was called a vertex A-algebroid, where 
A is a (unital) commutative associative algebra. On the other hand, in [CMS], 
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among other important results, Gorbounov, Malikov and Schechtman constructed 
an N-graded vertex algebra V = V{n) from any vertex ^-algebroid, such that 

V(o) = ^ a-iid tfro vertex ^-algebroid V(i) is isomorphic to the given one. All the 
constructed N-graded vertex algebras are generated by V(o) ® ^(i) with a spanning 
property of PBW type. As it was demonstrated in [GMS], such N-graded vertex 
algebras are natural and important to study. For example, the vertex (operator) 
algebra associated with a (3^ system, which plays a central role in free field realiza¬ 
tion of affine Lie algebras (see [W, FFl-3, FB]) is such an N-graded vertex algebra. 
The vertex (operator) algebras constructed from toroidal Lie algebras are also of 
this type (see [BBS, BDT]). 

In [SI, we revisited those N-graded vertex algebras and we classified all the N- 
graded simple modules in terms of simple modules for certain Lie algebroids. In the 
theory of vertex algebras, in addition to the notion of module we have the notion 
of twisted module and twisted modules play a very important role, especially in 
the study of the so-called orbifold theory. Certainly, twisted modules also play an 
important role in other studies. In this paper, we continue to study the twisted 
modules for the N-graded vertex algebras associated with vertex algebroids. 

Let i? be a vertex A-algebroid and let Vb be the associated N-graded vertex 
algebra. In this paper, we define a notion of automorphism of the vertex A-algebroid 
B and we prove that any automorphism of the vertex A-algebroid B can be extended 
uniquely to an automorphism of the N-graded vertex algebra Vb and that the full 
automorphism group of the N-graded vertex algebra Vb is naturally isomorphic to 
the full automorphism group of the vertex A-algebroid B. Let g be an automorphism 
of the vertex A-algebroid B of order T (finite). Then the g-hxed point is a 
subalgebra of A and the 5 -fixed point B^ is a vertex A^-algebroid. Furthermore, 
B^/A^dA^ is a Lie A°-algebroid. It is proved that the category of ^N-graded simple 
^-twisted Ve-modules is equivalent to a subcategory of simple modules for the Lie 
A'^-algebroid B^/A^dA^. 

This paper is organized as follows: In Section 2, we review the construction of 
vertex algebras associated with vertex algebroids and we identify their automorphism 
groups with the automorphism groups of the vertex algebroids. In Section 3, we 
classify graded simple twisted modules. 

2 Preliminaries 

We recall the notions of 1-truncated conformal algebra, vertex algebroid and Lie 
algebroid, and we review the construction of the N-graded vertex algebra Vb as¬ 
sociated with a vertex A-algebroid B. We also define notions of (endomorphism) 
automorphism of a 1-truncated conformal algebra and of a vertex A-algebroid B. 
We then identify the group of grading-preserving automorphisms of Vb with the 
group of automorphisms of the vertex A-algebroid B. 

First, we recall from [GMS] (cf. [Brl-2]) the notions of 1-truncated conformal 
algebra, vertex algebroid and Lie algebroid. 

Definition 2.1. A 1-truncated conformal algebra is a graded vector space C = 
C'o©C'i, equipped with a linear map d ■. Cq ^ Ci and bilinear operations (u, v) 1 -^ UiV 
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for i = 0,1 of degree —i — 1 on C such that the following axioms hold: 

1. (Derivation) for a G Cq, w G Ci, 

{da)o = 0; {da)i = —oq; d{uoa) = u^da (2.1) 

2. (Commutativity) for a G Cq, u,v € Ci, 

uoa = —aou; uqv = —vqu + d{viu); uiv = viu ( 2 - 2 ) 

3. (Associativity) for a,/3 ,7 G Cq 0 Ci, 

00^7 = Aao7 + {o:oP)n- (2.3) 

Remark 2.2. Let C = Cq 0 Ci be a 1-truncated conformal algebra and let i be 
any nonzero complex number. Set C\(\ = Cq 0 Ci as a vector space. We retain all 
the structures on C except that we change the bilinear operation Ci x Ci —> Cq : 
tt X u I—> mu by multiplying l/£ and change the linear operator d by multiplying L 
Then one can show that C'[£] is a 1-truncated conformal algebra. 

Definition 2.3. Let A be a unital commutative associative algebra over C. A vertex 
A-algebroid is a C-vector space L equipped with 

1. a C-bilinear map 

A X r —> L; (a, u) I—> a * u 
such that 1 * V = V for u G L. 

2. a structure of a Leibniz C-algebra [•, •] ; L ( 8 )c L ^ L. 

3. a homomorphism of Leibniz C-algebras tt : L ^ Her (A). 

4. a symmetric C-bilinear pairing (•, •) : L 0c L ^ A. 

5. a C-linear map 9 : A —> L such that tt o d = 0. 

All the following conditions are assumed to hold: 

a* {a * v) — (aa) * v = 7r(u)(a) * d{a) + TT{v){a) * d{a) 

[ u , a * u ] = TT{u){a) * V + a * [u,v] 

[tt, u] 0 [u, rt] = d{{u,v)) 

7r(a * u) = a7r(u) 

{a*u,v) = a{u,v) — iT{u){ir{v){a)) 

Tt{v){{vi,V2)) = (b,D],'V 2 ) 0 (-^ 1 , b,'V 2 ]) 

d{aa ) = a * d{a ) + a * d(a) 

[u,9(a)] = d(7r(v)(a)) 

(v,d(a)} = 7r(v)(a) 

for a, a' G A, u,v,vi,V 2 G L. 
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The following was proved in |T jYj : 

Proposition 2.4. Let A be a unital commutative associative algebra and let B be 
a module for A as a nonassociative algebra. Then a vertex A-algebroid structure on 
B is equivalent to a 1-truncated conformal algebra structure on C = AQ) B with 


aia = 0 , 

(2.4) 

II 

o 

(2.5) 

uqo = 7r(u)(a), oqu = —u^a = —7r(u)(a) 

( 2 . 6 ) 

i = 0 , 1 , such that 

a{au) — {aa)u = {uoa)da + {uoa)da, 

(2.7) 

uo{av) — a{uov) = {uoa)v, 

( 2 . 8 ) 

uo{aa) = a{uoa) + {uoa)a , 

(2.9) 

O 

II 

o 

( 2 . 10 ) 

{au)iv = a{uiv) — uovoa, 

( 2 . 11 ) 

d{aa') = ad{a') © a'd{a). 

( 2 . 12 ) 


Definition 2.5. Let ^ be a unital commutative associative algebra. A Lie A- 
algebroid is a Lie algebra g equipped with an A-module structure and a module 
action on A by derivation such that 


[u,av] = a[u,v] + {ua)v, (2-13) 

a{ub) = {au)b foru, uGg, a,b ^ A. (2-14) 

A module for a Lie A-algebroid g is a vector space W equipped with a g-module 
structure and an A-module structure such that 


u{aw) — a{uw) = {ua)w, (2.15) 

a{uw) = {au)w for a e A, u G g, re G IL. (2A6) 

The following result was due to [Br2]: 

Lemma 2.6. Let A be a unital commutative associative algebra (overC) and let B 
be a vertex A-algebroid. Then BfAdA is naturally a Lie A-algebroid. 

Next, we recall the construction of vertex algebras associated with vertex alge- 
broids, following the exposition of m- 

First, starting with a 1-truncated conformal algebra C = A 0 B we construct a 
Lie algebra. Set 


L{A(SB) = {A®B)®C[t,t-\ (2.17) 

In the obvious way we define the subpaces L(A) and L{B). Set 
d = d 1 -\- 1 <Si d/dt : L{A) L{A © B). 


4 


We define 


deg(a (8) f”) = —n — 1 for a G n G Z, 

deg(6 (g) f) = —n for 6 G S, n G Z, 

making L(A © S) a Z-graded vector space. The linear map d is homogeneous of 


degree 1. Set 

C = L{A®B)/dL{A). (2.18) 

Define a bilinear product [•,•] on L[A © B) such that for a, a' G A, b,b' G 
B, m,n (z Z, 

[a©f"",a'©r] = 0, (2.19) 

[a © f™', 6 © f”] = ao6 © f™'"''”, (2.20) 

[6©r,a©f™] = 6oa©f”'+", (2.21) 

[b © r, 6' © r] = bob' © + m(6i6') © (2.22) 


The following result was established in |LZ|: 

Proposition 2.7. Let C = A(BB be a 1-truncated conformal algebra. The subspace 
dL{A) of the nonassociative algebra {L{A Q) B),[-, ■]) is a two-sided ideal. Further¬ 
more, the quotient nonassociative algebra C is a Z-graded Lie algebra. 

Let p be the projection map from L{A © B) to C. For u ^ A® B, n G Z, we set 

u{n) = p{u ®f)=u®f + dL{A) G £. 

We have graded Lie subalgebras 

£>0 = p{{A®B)®C[t]), 

£<0 = p{{A®B)®t-^C[t-^]) 

and we have C = as a vector space. 

Considering C as a trivial /1-^-module we form the induced module 

Vc = U{C) ©f/(£> 0 ) C. 

We assign degC = 0, making Vc naturally an N-graded >C-module: 

Vc=]l{Vc)iny ( 2 . 23 ) 

neN 

Throughout this paper, N denotes the set of nonnegative integers. Set 

1 = 1 © 1 G Pz;. 

By the P-B-W theorem, we have Vc = Lf{C^^) = S{C'^^). In view of this, we can 
and we do consider ^ © B as a subspace: 

A®B^Vc', u>—>u{—l)l. 

The following was proved in |T;Y] (cf. |DT;M.3j h 
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Theorem 2.8. There exists a unique vertex algebra structure on Vc with 1 as the 
vacuum vector and with Y{u,x) = for u ^ A ® B. Moreover, the 

vertex algebra Vc is naturally an N-graded vertex algebra and is generated by the 
subspaee AQ B with A of degree 0 and B of degree 1. 

Remark 2.9. For n € Z, set 

A{n) = {a(n) | a G A}, B{n) = {b{n) \ b G B} C C, 


and we set 

CXD 

B{-) = l[B{-n)cC. 

n=l 

Both A(—1) and B{—) are Lie subalgebras of and we have = ^(—1)©R(—) 

as a vector space. Then 

Fz: = U{C<^) = 5(£<°) = S{A{-1) © B{-)) = S{B{-)) © (2.24) 

Consequently, (Fc)(„) = iS'(R(—))(„) ©5(74(—1)) for n G N. In particular, {Vc)(o) = 
S{A{-1)). 

Now, we assume that T is a unital commutative associative algebra with the 
identity e and B is a vertex T-algebroid. In particular, C = ^ © i? is a 1-truncated 
conformal algebra. We set 

E = span{e — 1, a{—l)a — aa, a{—l)b — ab \ a, a € A, 6 G B} C Fc, 

Ib = U{C)C[V]E. 

It was proved in ra that the T-submodule of F^ is a two-sided graded ideal of 
the N-graded vertex algebra Vc- The N-graded vertex algebra Vb associated with 
the vertex A-algebroid B is defined to be the quotient vertex algebra 

Fs = Vc/Ib- (2.25) 


We have (see [CMS], 

Proposition 2.10. Let A be a unital commutative assoeiative algebra with the iden¬ 
tity e and B a vertex A-algebroid. Then Vb is an N-graded vertex algebra sueh that 
(^s)(o) = {Vb)(i) = B and for n>l, 

= span{ 6 i(-ni) • • • 6 fc(-nfc)l | G R,ni > n 2 > • • • > Ufc > 1,ni H- \-nk = n}. 

In particular, Vb is generated by the subspace A® B. 

Next, we discuss homomorphisms and automorphisms for 1-truncated conformal 
algebras, vertex ^-algebroids and for the N-graded vertex algebras Vb- 
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Definition 2.11. Let C = A @ B and C = A' ® B' be 1-truncated conformal 
algebras. A homomorphism from C to C is a linear map f : C ^ C such that 
f{A) C A', f{B) C B', fd = df, and such that 

fiuiv) = f{u)if{v) 

for u,v G C, i = 0,1. 

Lemma 2.12. Let f he an endomorphism of a 1-truncated conformal algebra C = 
A® B. Then the linear endomorphism of L{A ® B) defined by 

f{u®t^) = f{u)®t^ (2.26) 

for u € A ® B, nSZ gives rise to an endomorphism of C, which we denote by f 
again. Furthermore, f preserves the h-grading of C. 

Proof. Using the property that fd = df, we have fd = df. For u,v G C = A® B, 
as f{uiv) = f{u)if{v) for i = 0,1, from (I2.19l) - (l2.22j) we have 

f{[u®t"^,v®r]) = [fiu)®r,fiv)®r] = [f{u®t"^),fiv®r)]. 

Thus / gives rise to an endomorphism of the Lie algebra C. It is clear that / 
preserves the Z-grading. □ 

Definition 2.13. Let A and A' be unital commutative associative algebras and let B 
be a vertex A-algebroid, B' a vertex A'-algebroid. A vertex algebroid homomorphism 
from B to B' is a linear map f : A® B ^ A' ® B' such that /(A) C A', f{B) C B' 
and such that 

1. /IA is an associative algebra homomorphism. 

2. f\B is a Leibniz algebra homomorphism. 

3. f{ah) = f{a)f{b) for a G A, b G B. 

4. {f{u), f{v)) = f{{u, v)) for u,v gB. 

5. f o d = d o f. 

6. f{boa) = f{b)of{a) for a G A, bG B. 

An automorphism of a vertex A-algebroid B is a bijective vertex algebroid endomor¬ 
phism of the vertex A-algebroid B. 

Let {V, Y, 1) be a vertex algebra. An endomorphism of U is a linear map g : 
V ^ V such that 

g{l) = 1, (2.27) 

g{Y{u,x)v) = Y{g{u),x)g{v) (2.28) 

for u,v G V. An automorphism of U is a bijective endomorphism of V. The 
group of automorphisms of V is denoted by Aut (U). If U = ^{m) is a Z (or 

N)-graded vertex algebra, we denote by Aut°(U) the group of grading-preserving 
automorphisms of V. 
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Lemma 2.14. Let B he a vertex A-algebroid and let g be a grading-preserving auto¬ 
morphism of the vertex algebra Vb- Then g restricted to A (BB is an automorphism 
of the vertex A-algehroid B. 

Proof. As (Vb)(o) = ^ s-iid (Vb)(i) = B, g \s a. linear bijection on A (B B that 
preserves the subspaces A and B. For a, a' ^ A, b,b' G B, we have 

g{aa) = g{a{-l)a) = g{a)-ig{a) = g{a)g{a), 
g{ah) = g{a{-l)h) = g{a)-ig{h) = g{a)g{h), 

9 {[b,b']) = g{bob') = g{b)og{b') = [g{b), g{b')], 

9 {{b,b')) =g{bib') = g{b)ig{b') = {g{b),g{b')), 
g{boa) = g{b)og{a), 

g{d{a)) = g{a{-2)l) = c/(a)_ 2 l = d{g{a)). 

Thus g is an automorphism of vertex A-algebroid B. □ 

On the other hand, we are going to prove that any automorphism of a vertex A- 
algebroid B extends canonically to an automorphism of the N-graded vertex algebra 
Vb- First we have: 

Lemma 2.15. Let C = A (B B be a 1-truncated conformal algebra and let g be an 
endomorphism of C. Then g extends uniquely to an endomorphism of the fi-graded 
vertex algebra Vc- Furthermore, if g is an automorphism, then the extension is an 
automorphism. 

Proof. Since A ® B generates Vc as a vertex algebra, the uniqueness is clear. It 
remains to prove the existence. By Lemma 12.12L we have a grading-preserving 
endomorphism g of the Lie algebra C, hence a grading-preserving endomorphism of 
the universal enveloping algebra U{C). Consequently, g preserves the Lie subalgebra 
and its universal enveloping algebra It follows from the construction 

of Vc that there exists a linear endomorphism g of Vc such that g{l) = 1 and 

g{unv) = g{u)ng{v) 

lor u G A® B, V G Vc, n G Z. Since Vc is generated hy A(B B, it follows (cf. [LLi]) 
that g is an endomorphism of Vc. It is clear that g extends g. 

If g is an automorphism of the 1-truncated conformal algebra C = A® B, from 
the first assertion we have vertex algebra endomorphisms g and g~^ of Vc, extending 
g and g~^, respectively. Since gg~^ = g~^g = 1 on A0i3 and since A(B B generates 
I^ as a vertex algebra, we have gg~^ = g~^g = 1. Thus, g is an automorphism of 

□ 

Proposition 2.16. Let g be an endomorphism of a vertex A-algebroid B. Then g 
extends uniquely to an endomorphism ofVB as an N-graded vertex algebra. Further¬ 
more, if g is an automorphism, then the extension is an automorphism. 

Proof. The uniqueness is clear, as A (B B generates Vb as a vertex algebra. For the 
the existence, first by Lemma [2.15[ we have a grading-preserving endomorphism g of 


the vertex algebra 1^, extending g. Now we show that g reduces to an endomorphism 
of Vb- Recall that Vg = Vc/Ib: where Ig is the two-sided ideal of Vc, generated by 

E = span{e — 1, a(—l)a' — aa', a{—l)b — ab \ a, a' £ A, b £ B}. 

Now, we must prove 5 (/g) C Ig. As E generates Ig as a two-sided ideal, it suffices 
to prove that g{E) C E. Let a, a' £ A, b £ B. We have 

g{e-l) = e-1 £ E, 

g{a{-l)a - aa) = g{a){-l)g{a) - g{a)g{a) £ E, 
g{a{-l)b - ab) = g{a){-l)g{b) - g{a)g{b) £ E. 

This proves g{E) C E. Therefore, g reduces to an endomorphism of the N-graded 
vertex algebra Vg. The second assertion follows immediately from the proof of the 
second assertion of Lemma 12.1 51 □ 

Recall that Aut“(Vg) denotes the group of grading-preserving automorphisms 
of Vg, namely the group of automorphisms of Vg as an N-graded vertex algebra. 
Combining T;emma. 12.141 with Proposition 12.1 6l we have: 

Theorem 2.17. Let A be a unital commutative associative algebra and let B be 
a vertex A-algebroid. The group Aut'’(yg) of (grading-preserving) automorphisms 
of the N-graded vertex algebra Vg is isomorphic to the group of automorphisms of 
vertex A-algebroid B with the restriction map as an isomorphism. 

3 Classification of graded simple twisted Ve-modules 

In this section we construct and classify graded simple twisted Vg-modules by ex¬ 
ploiting a twisted analogue of the Lie algebra C. First, we recall the definition of 
the notion of twisted module for a vertex algebra and we discuss several properties 
of twisted modules. 

Let R be a vertex algebra and let g be an automorphism of V of order T < oo. 
Decompose V into eigenspaces of g: 


T-l 

R = R'’, where = {v £V \ g{v) = 

r=0 

A g-twisted V-module (see |Lej . |FLM] . [FFR,j . |D| 1 is a vector space M equipped 
with a linear map 

Ym:V (EndM)[[x^,a;-^]] 

u 1 -^ Ym{u,x) = UnX~^~^ (3T) 

ne^Z 


satisfying the following conditions: 

1. For u £ V, w £ M, UnW = 0 for n G sufficiently large. 
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2 . Ym{'^-,x) = 1m (the identity operator on M). 

3. For u £ with 0 < r < T — 1, 

Ym{u,x) = ^ UnX~'^~'^ £ x~T {Exi(lM)[[x,x~^]]. (3.2) 


4. For u £V^ with 0<r<r—l,t;GT4, 


XI-X2 


Xq 6 


Xq 


Ym{u, xi)Ym{v, X 2 ) - Xq M 


X 2 -X 1 


-xq 


= Xo 


-1 / X i - Xq 
X2 


-r/T 


Xl - Xq 
X2 


YMiY{u,Xo)v,X2) 


YMiv,X2)YM{u,Xi) 


(3.3) 


(the twisted Jacobi identity). 

Remark 3.1. Let {M,Ym) be a 5 -twisted ^-module and let U be any vertex sub¬ 
algebra of . Then M is a ?7-niodule. In particular, if g is taken to be the identity 
map, the notion of 5 -twisted 14-module reduces to that of 14-module while the twisted 
Jacobi identity reduces to the ordinary (untwisted) Jacobi identity. 

The following was proved in [DTvM2] (cf. [DTjM1| 1: 

Lemma 3.2. Let (M,Ym) be a g-twisted V-module. Then 

Ym{T)v,x) =-^Ym{v,x) (3.4) 

for V £ V, where Vv = x_ 2 l. 


Remark 3.3. For v £ V, u £ 14’', p £ Z and s,t £Q, comparing the coefficients of 
on the both sides of the twisted Jacobi identity (E31) we get 



s-\-t 


—m 


^(-l)”’f ^ \{Up+s-m,Vt+m, - (-l)^Xp+t_mti6+m}-(3.5) 
m>0 '^^4 


By taking Res 3,0 of (13.31) . we obtain the twisted commutator formulae: 


[Ym{u,Xi),Ym{v,X2)] 

= ReSa;oX2 ^ ^ ( ^^X2^° ) ^ 2 )■ (3.6) 

r 

Multiplying (|3.3I) by ^ ^ ^ then taking Resa;^, we obtain the twisted iterate 
formulae: 

r 

Ym{Y{u,X o)v,X 2 ) = ReSa^i (^•’^) 

where 

X = Xq ^(5 (— — Ym{u,xi)Ym{v,X2) - Xq (— — Ym{v,X2)Ym{u,xi). 
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From the twisted Jacobi identity one has the following twisted weak associativity: 
For u ^ with 0 < r < T — 1 and for u G 1/, w € W, 

(xo + X2)^~^i'YM{u,Xo + X2 )Ym{v,X2)w = {X2 + Xo)^^i’YM{Y{u, Xo)v, X2)w 

where /c is a nonnegative integer such that x^^tYm{u, x)w G M[[x]]. One can prove 
(cf. |Li3j : Lemma 2.8) that the twisted Jacobi identity is equivalent to the twisted 
commutator formulae and the twisted weak associativity. 

Let M be a 5 -twisted ^-module. For a subset U of M, denote the small¬ 
est ( 7 -twisted IL-submodule containing U by (U), which is called the g-twisted V- 
submodule generated by U. Just as with untwisted modules, from the twisted weak 
associativity, we have 

(U) = span{u„r(; 

We define 

Anny(C/) = {v ^ V 

the annihilator of U in V. 

Proposition 3.4. For any subset U of a g-twisted V-module M, the annihilator 
Anny{U) is an ideal ofV. Moreover, 

Anny(C/) = Anny (([/)). 

Proof. It follows immediately from the proof of Proposition 4.5.11 in [LLi] with 
the weak associativity and the weak commutativity relations being replaced by the 
twisted associativity and the twisted commutativity relations, respectively. □ 

Let (S' be a subset of V. Define 

AnnM(*S) = {tc G M I Ym{v,x)w = 0 for u G 5}, 

the annihilator of S in M. By suitably modifying the proof of Proposition 4.5.14 
in [LLi] and replacing the weak commutativity and Proposition 4.5.11 (of [LLi]) in 
the proof of Proposition 4.5.14 in [LLi] by the twisted commutativity relation and 
Proposition EH respectively, we immediately have: 

Proposition 3.5. For a subset S of V, the annihilator AnnAf(*S) is a g-twisted 
V-submodule of M. Furthermore, 

AnnM(5') = AnnM((S')). 

Here, (S) is the ideal of V generated by S. 

We shall use the following result of |T;i3j (Lemma 2.11): 


u G P, n G —Z, w G U}. 

Y{v,x)w = 0 for rc G [/}, (3.8) 


11 


Lemma 3.6. Let V be a vertex algebra with an automorphism g of order T and let 
a E b,u°,...,u^ €V with 0<k<T-l. If 



acting on V, then for any g-twisted V-module {M,Ym) we have 

[YM{a,xi),YM{b,X2)] = '^^^YM{u^,X2)(^-^'^ (j) 

acting on M. On the other hand, the converse is also true for any faithful g-twisted 
V-module {M,Ym)- 

Definition 3.7. Let V = Umez be a Z-graded vertex algebra. A ^N-groded 
g-twisted V-module is a ^-twisted F-module M equipped with a ^N-grading 

M= ]J M(n) 

ne^N 


such that 

VmM{n) C M{n -\-p — m — 1) 
for V E V(p), m,n & yZ with p E Z. 

Next, we study ^N-graded ( 7 -twisted modules for the N-graded vertex algebra Vb 
associated to a vertex A-algebroid B, where g is an automorphism of order T < 00 
of the N-graded vertex algebra Vb and of the vertex A-algebroid B (cf. Theorem 

mm). 

Noticing that A © i? is a 1-truncated conformal algebra, we start with a general 
1-truncated conformal algebra C = Cq (B Ci with an automorphism gf of C of order 
T < 00 . Associated with the 1-truncated conformal algebra C = Cq (B Ci we have 
the Lie algebra C{C) and the vertex algebra Vb[c) with (7 as a generating subspace. 
In view of Tvemma, 12.151 (7 is an order-T automorphism of the vertex algebra Vc,{c)- 
The following result can be found in |DLM2j (cf. [E]l: 

Lemma 3.8. Let V be a vertex algebra and let T be a positive integer. Set 

Lt{V) =V ®C[t^,t-^, (3.11) 

a vector space, and set 

a = 1 + 1 © 

dt 

a linear operator on Lt{V). Then the bilinear (multiplicative) operation on Lt{V), 
defined by 

[u ®t^,v(B e] = Y, M ® (3.12) 

i >0 ^ ^ 
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for u,v & V, m,n £ gives rise to a Lie algebra strueture on Lt{V)/ dLT{V), 
which is denoted by C{V,T). Furthermore, any order-T automorphism g of C gives 
rise to an order-T automorphism, also denoted by g, ofC{V,T), where 

g{v®e)=e-‘^^^^{gv®e) (3.13) 


for V £ V, n £ yZ. 

Specializing Lemma rTHl with V = Vc(c)) we have a Lie algebra C{Vc[c)-:'^) 
an automorphism g. For u £ C, m £ ^Z, denote by u{m) the canonical image of 
T). We have 

{da){m) = —ma{m — 1), (3-14) 

1 /ttxX 

u(n)] = ( . j {uiv){m-£ n — i) (3.15) 

i=o ^ ^ 

for a £ Co, u,v £ C, m,n £ ^Z. Because UiV £ C ioi u,v £ C, i > 0, we see 
that u{m) u £ C, m £ ^Z span a Lie subalgebra C{C, T) of CfV^c)^'^)- Denote by 
C{C, g) the gf-fixed point Lie subalgebra: 

C{C,g) = C{C,Ty. (3.16) 

Using Lemma run we immediately have: 

Proposition 3.9. Let C = Co®Ci be a 1-truneated conformal algebra and let g be 
an order-T automorphism of C. Then 

C{C,g)=L{C,g)/dL{Co,g), (3.17) 

as a vector space, where 

T-l 

L{C, g) = ]J ® f/^C[t, f-^], (3.18) 

r=0 

L{Co,g) is a subspace defined in the obvious way, and 

d = d 0 1 1 ^ d/dt : L{Co, g) L{C, g). 

For u £ with 0 < r < T — 1 and for n £ h, denote by u{n + r/T) the canonical 
image of u® in C{C,g). Then the following relations hold for a £ Cq, a' £ 

b£Cl, b' £C(, m,n£Z: 

{da){m + r/T) = —(m + r/T)a{m — 1 + r/T), (3.19) 

[a{m + r/T),a! {n + r'/T)] = Q, (3.20) 

[a(m + r/T), b{n + s/T)] = {aob){m + n + (r + s)/T), (3.21) 

[b{m + s/T), b'{n + s'/T)] = {bob'){m + n + (s + s')/T) 

+(m + s/T){bib'){m + n + {s + s)/T — 1). (3.22) 
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We define 


deg a(n + r/T) = —n — 1 for a G Cq, n G Z, 
deg b(n + r/T) =—n forbGC[,nGZ, 

making C{C,g) a ^Z-graded Lie algebra. For n G ^Z, denote by C{C,g){^n) the 
degree-n subspace. We have the following triangular decomposition 

C{C, g) = C{C, g)+ © C{C, 5)(o) © C{C, g)., 

where C{C,g)± = /1(C, . Notice that C{C,g)g^'^ is spanned by the 

elements a(—1),6(0) for a G Cq, b G C^. 

For u G with 0 < r < T — 1, form the generating function 

u{x) = ^ u{n)x~'^~^ G C{C, g)[[xT (3.23) 

-\-Wj 

For any £(©', 5 )-module W, we consider u{x) as an element of (EndVF)[[xT,x“T]]j 
which we denote by uw{x)'. 

uw{x) = u{x) = ^ u{n)x~'^~^ G (EndVF)[[xT,x“T]]. (3.24) 

Lemma 3.10. The commutation relations amount to the following 

relations in terms of generating functions: 

[a{xi),a'{x2)] = 0, (3.25) 

[a{xi),b'{x2)] = S iaob')ix2), (3.26) 

[b{xi),b\x2)] = S {bob'){x2) 

+ (6.6'){i2)^xJ‘(I) ©(I) (3.27) 

for a G Cq, b G C'[, a' G Cq, and b' G Ci. Moreover, we have 

{da){x) = —a{x) for a G Cq. (3.28) 

dx 

From these relations we immediately have: 

Corollary 3.11. For a, a' G Cq, b,b' G Ci, 


[a(xi),a'(x2)] = 0, 

(3.29) 

{xi - X2)[a{xi),b{x2)] = 0, 

(3.30) 

{xi - X2f[b{xi),b'{x2)] = 0. 

(3.31) 
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Definition 3.12. An £((7, g)-module W is said to be restricted if for any w G 
W, u € C’’ with 0 < r < r — 1, u(n + r/T)w = 0 for n G Z sufficiently large, that 
is, uwix) G Horn {W^ for u G C. 

The following result is analogous to a result of |Li3j for twisted affine Lie algebras: 

Proposition 3.13. Let C = Cq (B Ci be a 1-truncated conformal algebra and let g 
be an automorphism of V£(( 7 ) of order T, which is extended from an automorphism 
of C. Every g-twisted Vc[c)-'<xi-odule W is naturally a restricted C{C,g)-module with 
Uwix) = Ywiu,x) for u G C. Moreover, the set of g-twisted V^Qysubmodules of 
W is precisely the set of €{0, g)-submodules of W. On the other hand, for any 
restricted £{0, g)-module W, there exists a unique g-twisted module structure 

Yw on W such that 

Yw{u,x) = Uwix) for u G C = Cq ® Cl C Vc(^c)- (3.32) 

Proof. On the vertex algebra the following relations hold for a, a' G Cq, b, b' G 

Ci: 


[Y (a, xi),Y (a, X 2 )] = 0, (3.33) 

[Yia, xi),Yib',X 2 )] = xf^6 Yia^b', X 2 ), (3.34) 

[Yib,xi),Yib',X2)] = xf^5 ^ Yibob\x2) -\-Yibib',X2)-^xf^6 .(3.35) 

\X2j 0X2 \X2j 

From Lemmas i 3 . 6 l and r 3 .lOl every g'-twisted V£(f;)-module W is naturally a restricted 
£((7, g')-module with uwix) = Ywiu, x) for u G C. As (7 generates Vc(C) a vertex 
algebra, the set of gf-twisted yc(c')-submodules of W is precisely the set of £(0, g)- 
submodules of W. 

Let S = span{iivi/(a^) | u G C}. In view of Corollary 13.111 iS is a local subspace 
of Horn (IT, iy((xT))). Note that Horn (IT, IT((xr))) is naturally Z/TZ-graded: 

T-l 

Horn (IT, IT((xr))) = jy xr Horn (IT, IT((x))) 

and S' is a graded subspace. Let or be the linear automorphism of Horn (IT, IT((x t ))) 
defined by 

axiaix)) = 

for aix) G x^Hom (IT, IT((a:))) with 0 < r < T — 1 (cf. (13.21) 1. 

From |Li3j . S generates a vertex algebra (S) inside Horn (IT, IT((xt ))) with 
the identity operator Iw as the vacuum vector and with as an automorphism. 
Furthermore, IT is naturally a faithful or-twisted (5)-module with Ywiaix),xo) = 
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a(xo). With the relations (i:h25l) - (i:-{.27ll . by Lemma rUH we have 


[Y{aw{x),xi),Y{a\^{x),X 2 )] =0, (3.36) 

[Y{aw{x),xi),Y{b\^{x),X 2 )] = x^^S Y{{aob')wix),X 2 ), (3.37) 

[Y{bw{x),xi),Y{bw{x),X2)] = x^^b Y{{bob')w{x),X2) 

+Y{{bib')wix),X2)-^X2^6 (—'] (3.38) 

0X2 \X2/ 


for a G Cq, b € C^, a' G Cq, and b' G Ci. We also have 


d ^ d 

Y{{da)wix),xi) = Y ( —aw{x),xi \ = —y(arv(x), xi) 


for a £ A. By Lemmas KLhl and llLlOL (5) is naturally an jC(C')-module with U(^s) ( 2 ^ 1 ) = 
Y{uwix),xi) for u £ C. Furthermore, (S) as an jC(C)-module is generated by Iw 
and we have uw{x)n^w = 0 for n G C, n > 0. From the construction of V£(c) as an 
/l(C')-module, there exists a unique /l(C')-module homomorphism V’ from Va^c) to 
(S'), sending 1 to Iw- As Vc{c) as a vertex algebra is generated by C, V’ is a vertex 
algebra homomorphism. We have 


V’(n) = V’(^i(—1)1) = xLw{x)-ilw = uw{x) 

for u £ C. It is clear that C S^ for 0 < r < T — 1. As C generates V^c) as a 

vertex algebra, tp preserves the Z/TZ-gradings, i.e., a^ip = ipg. Consequently, W is 
a ^(-twisted I/c(c')-module. □ 

For the rest of this paper, we assume that A is a unital commutative associative 
algebra whose identity is denoted by e and B is a vertex A-algebroid and we assume 
that g £ Aut'’(yB) with o{g) = T < 00 . Recall that C = A (B B is naturally a 1- 
truncated conformal algebra. An C{C, 5 )-module of level G C is an £(C, g')-module 
on which e(— 1 ) acts as scalar k. 

Immediately from Proposition 13.131 we have: 

Proposition 3.14. Every g-twisted Vs-module is naturally a restricted C{C,g)- 
module of level 1. Moreover, the set of g-twisted VB-submodules is precisely the set 
of C{C, g)-submodules. 

We have the following decompositions into 5 -eigenspaces: 


T-l 


Vb=Y[VE 

r=0 


and 


T-l 


T-l 


A=Y[A'^ and B = ]J RL 


r=0 


r=0 
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Clearly, ^4*^ is a subalgebra of containing the identity, and is a vertex A^- 
algebroid. Furthermore, by Lemma l2.b[ /A^dA^ is a Lie ^^-algebroid. Set 


T-l 

I=^A^ ■ A'^-^ c (3.39) 

r=l 

It is clear that I is a two-sided ideal of AP , so that AP/I is a unital commutative 
associative algebra. Furthermore, B^/{I ■ B^ + A^dA^) is a Lie A'^/I-algebroid. 

Proposition 3.15. Let M = M(n) be a jiN-graded g-twisted Vs-module. 

Then M(0) is a module for the Lie A^-algebroid B^/A^dA^ with 

a ■ w = a-iw for a G A^, w G M(0), (3.40) 

b ■ w = bow for b & B^, w & M{0). (3.41) 

Furthermore, fora ^ A^, a' & A^~^, b G B"^~^ withO < r <T — 1 and for w G M{0), 
we have {aa') ■ w = 0 and (ab) ■ w = {1 — ^){aob) ■ w. 

Proof. Let U be the vertex subalgebra of Vb generated by As A^(BB^ C Vg, 

U is actually a vertex subalgebra of Vg. From Remark 13.1 1 M is a t/-module. 
With (Vb)(o) = A and (Vb)(i) = B, we have (Rg)(o) = A^ and (Vg)(i) = B^. 
Consequently, we have [/(q) = t/(i) = B^. It follows from the construction 

of Vgo that U is a homomorphic image of the vertex algebra Vgo, so that W is 
naturally a Vgo-module. By |LYj (Proposition 4.8), IF(0) is naturally a module for 
the Lie A°-algebroid B^/A^dA^. 

Let a G A^, a' G A^~^, b G B'^~^, w G M(0) with 0 < r < T — 1. By 

substituting u = a, v = a', p = —1, s = —1 + ^, t = —^ in (I3.5jl . we get 

(aa) ■ w = {aa)-iw 

= {a{—l)a)-iw 

= + a'_i_ . 

m>0 
= 0. 


Similarly, by substituting u = a, v = b, p = —1, s = —1 + ^ and t = 1 — ^ in (|3.5II . 
we have 


{ab) ■ w 


{ab)ow 

{a{-l)b)ow 

(1 - ^){aob)-iw + ^{a_2+r_m5i_ + 6_^_^o_i+^+^}u; 

m>0 

(1 - ^){aob)-w, 


completing the proof. 


□ 
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Let [/ be a module for the Lie j4^-algebroid such that {aa')-u = 0 and 

{ah) • n = (1 — ^){aob) • n for a € , a' G , h G , u G U, 0 < r < T — 1. 

We are going to construct a yN-graded 5 -twisted VB-module M = UneiN-^(”) 
with M(0) = U as a module for the Lie A’^-algebroid B^/A^dA^. 

First, ?7 is a module for the Lie algebra A^ 0 B^/dA^. Recall that £((7, ( 7 )(o) = 
A^ © B^/dA^. For convenience, we set C{C,g)<o = £(C, 5)(o) ® Then U is 

an £((7, g')<o-module under the following actions 

T 

a{n + --l)-u = 

r 

b{n+-)-u = 5n+:^,ohu 

for a G A^, b G B^ , n > 0. Next, we form the induced £((7, g')-module 

M,(U) = Indggj^^c; = U{C(C,g)) e,utc(c.<,)<«) c (3-'‘2) 

We endow U with degree 0, making Mg{U) a yN-graded restricted £((7, ( 7 )-module. 
By Proposition rmi Mg{U) is naturally a ^f-twisted b^^^'^-module. In view of the 
P-B-W theorem, we may and we should consider U as the degree-zero subspace of 
Mg{U). 

We set 

Wg{U) = span{u„ri \ v G E, n G —Z, u G U} C Mg{U) (3.43) 

and define 


Mb{U) = Mg{U)/U{C{C,g))Wg{U). (3.44) 

Since U{C{C, g))Wg{U) is an £((7, 5 )-submodule of Mg{U), by Proposition 13.131 
U{C{C, g))Wg{U) is a 5 -twisted V£(f 7 )-submodule. Then Mb{U) is a ( 7 -twisted 
yc(( 7 )-module. Clearly, Mb{U) is generated by U the image of U in Mb{U). In 
fact, Mb{U) is a gf-twisted Ve-module by the following: 

Lemma 3.16. Let (M, Ym) be a g-twisted Vc-module. Suppose that for a G A^, a' G 
A, b G B with 0 < r < T — 1, 


YM{e,x)w 
FM(a(—l)a^ x)w 
YM{a{-l)b,x)w 


w, 

YM{aa , x)w, 
Yjifiab, x)w 


(3.45) 

(3.46) 

(3.47) 


for all w G K, where K is a generating subspace of M. Then M is naturally a 
g-twisted Vb- module. 


Proof. Recall that 

E = span{e — 1, a{—l)a — aa , a{—l)b — ab \ a, a G A,b G B} C V£(c)- 

By (j3.45jl - (13.4711 . we have K C AnnM(F')- By using Propositions 13.51 we have 
AnnM(LB) = AnnM(E). Since AanMils) is a gf-twisted Vc(c) submodule of M and 
M is generated by K, we have AniiMilB) = LL. This implies that M is a ( 7 -twisted 
Ve-module. □ 
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One can see that Lemmaindeed implies that Mb{U) is naturally a i^-twisted 
Ve-module. Furthermore we have: 

Theorem 3.17. Let U be a module for the Lie -algebroid /A^dA^ such that 

T 

{aa) ■ u = 0 and (ab) ■ u = (1 — —){aob) ■ u (3.48) 

for a G A^, a' G A^~'^^ b G , u e U, r 0. Then Mb{U) is naturally a 

g-twisted VB-module such that Mb{U){0) = U. 

Proof. To show that Mb{U){0) = [/, we must prove that {U{C{g))Wg{U)){0) = 0. 
First we show that Wg{U){0) = 0. Notice that for v G iyc(C)Y[rn) m, G Z, we 
have deg(ufc+r/ 7 ’) = m — k — r/T — 1 for k Then from the definition of Wg{U)^ 
Wg(t/)(0) is spanned by the vectors 

{e — l)-iu, {a{—l)a')-iu — {aa')-iu, {a{—l)b)QU — {ab)ou 


for rt G 17, a G A^, a' G A^ ft G ^ with 0 < r < T — 1. Since e_i acts as e 
(the identity of on U, we have (e — l)-iu = 0 for u € U. If r = 0, by dSISI) , we 

have 

(a_ia')_irt = a(—l)a'(—l)u = a{au) = {aa)u = {aa)-iu, 


and 

(a(—l)ft)ou = a(—l)ft(0)u = a{bu) 
Next, we assume that r > 0. By (13.5f) . we have 


{ab)u = (aft)ou. 


(a(—l)o')_itt 


and 


OO CO 

a{-l - i + ^)a{i - 1 - + Y ^(-2 - i - ^)a{i + ^)u 

i=0 i=0 

a(-l + - ^)u 

a (-1 - fM-l - ^)u 
0 

(aa^)_irt 


(a(-l)ft)o'u 

CO OO 

= Y ^ ~ ^ ^ ~ ^ ~ ~ 7f{aoh)-iu 

7=0 2=0 

= a(-l + ^)ft(-^)n-^(aoft)-n 
= ft(--)a(-l + -)u + (aoft)-iu - -(aoft)-iu 

T 

= {l--){aob)-u 

= (aft) • u. 
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Hence, Wg{U){<d) = 0. 

Next, we show that C{C, g)<QWg{U) C Wg{U). Recall from |LYj (Lemma 4.2) 
that 

ViE C E for V ^ C = A (B B, i > 0. 

As AIg{U) is a ^N-graded £(C, g)-module with U as the degree-zero subspace, we 
have that C{C, g)<oU C U. For v € C = A(B B, c & E, m,t & yZ, u & U, from the 
twisted commutator formula M (cf. (EUl)), we have 

VmCtU = CtVmU + f ^ j {ViC)m-t-iU. 

i>0 

These immediately imply that C{C, g)<oWg{U) C Wg{U). Then 

U{C{C,g))Wg{U) = U{CiC,g)+)U{CiC,g)<o)Wg{U) 

= U{j:{C,g)+)WgiU) 

= WgiU) + C{C,g)+UiC{C,g)+)WgiU), 
which implies that {U{C{C, g))Wg{U)){0) = 0. This completes the proof. □ 

Next, we continue with Theorem lh.l7l to construct and classify yN-graded simple 
^(-twisted Ve-modules. Let U he a module for the Lie H'^-algebroid B^/A^dA^ as 
in Theorem 14.1 71 Let J{U) be the sum of all graded T(C', 5 )-submodules of Mg{U) 
with trivial degree-zero subspaces. Then J{U) is the unique maximal graded C{C, g)- 
submodule of Mg{U) with the property that J{U) CiU = 0. Set 

Lg{U) = MgiU)/JiU), (3.49) 

a ^N-graded i^-twisted Ve-module. 

Lemma 3.18. Let U be a module for the Lie A^ -algebroid B^/A^dA^ as in Theorem 
Then Lg{U) is a ^N-graded g-twisted Vs-module such that Lg{U){0) = U 
as a module for the Lie A^-algebroid B^/A^dAP and such that for any nonzero 
graded submodule W of Lg{U), we have Wifi) / 0. Furthermore, if U is a simple 
B^ / A^dA^ -module, Lg{U) is a ^'N-graded simple g-twisted VB-module. 

Proof. It is similar to the proof of Theorem 4.12 in |LYj . □ 

Lemma 3.19. Let W = IJ„gj. 2 VF(n) be a ^N-graded simple g-twisted VB-module 
withW{0)^0. ThenW ^ Lg\w{0)). 

Proof. It is similar to the proof of Lemma 4.13 in |LYj . □ 

To summarize we have: 

Theorem 3.20. Let H he a complete set of equivalence class representatives of 
simple modules for the Lie A^-algebroid B^/A^dA^ satisfying the condition that 

{aa)U = 0, {{ab) - (1 - ^){aob))U = 0 

for a G A^,a' E A^-^b E B^-^ with 0 < r < T. Then {Lg{U) \ U £ H} is 
a complete set of equivalence class representatives of ^'H-graded simple g-twisted 
Vb- modules. 
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Proof. It is similar to the proof of Theorem 4.14 in |TjYj . □ 

Remark 3.21. Taking g = 1 the identity map of Vb, we recover Theorem 4.14 of 
m- If R is a complete set of equivalence class representatives of simple modules for 
the Lie ^-algebroid BfAdA, then {Li{U) \ U € H} is a complete set of equivalence 
class representatives of N-graded simple Vs-modules. 
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